Abstract. The associated primes of an arbitrary lexsegment ideal I ⊆ S = K[x 1 , . . . , x n ] are determined. As application it is shown that S/I is a pretty clean module, therefore, S/I is sequentially Cohen-Macaulay and satisfies Stanley's conjecture.
Introduction
Let S = K[x 1 , . . . , x n ] be the polynomial ring in n variables over a field K. We consider the lexicographical order on the monomials of S induced by x 1 > x 2 > . . . > x n . Let d ≥ 2 be an integer and M d the set of monomials of degree d of S. For two monomials u, v ∈ M d , with u ≥ lex v, the set L(u, v) = {w ∈ M d | u ≥ lex w ≥ lex v} is called a lexsegment set. A lexsegment ideal in S is a monomial ideal of S which is generated by a lexsegment set. Lexsegment ideals have been introduced by Hulett and Martin [5] . Arbitrary lexsegment ideals have been studied by A. Aramova, E. De Negri, and J. Herzog in [1] and [3] . They characterized all the lexsegment ideals which have a linear resolution. In [4] it was proved that a lexsegment ideal has a linear resolution if and only if it has linear quotients. In the same paper, for a lexsegment ideal I ⊆ S, the dimension and the depth of S/I are computed and all the lexsegment ideals which are Cohen-Macaulay are characterized. In [2] , the study of the associated prime ideals of a lexsegment ideal is proposed. We answer to this question in Section 2. As an application, by extending a few results from [7] to the multigraded modules over S, we show in Section 3 that S/I is a pretty clean S-module for a lexsegment ideal I ⊆ S (Theorem 3.5). Consequently, it follows that S/I is sequentially Cohen-Macaulay (Corollary 3.8) and the Stanley conjecture ( [8] ) holds for S/I (Corollary 3.9).
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The associated primes of a lexsegment ideal
Let u = x , v) ) the lexsegment ideal determined by u and v. It is obviously that we may consider a 1 > 0 since otherwise we simply study our ideal in a polynomial ring with a smaller number of variables. In addition, we exclude the trivial cases u = v and I = (L(x 
we get Ass(S/(I :
As (x 1 ) ∈ Ass(S/I) since it is a minimal prime of I, we have Ass(S/I) = Ass(S/(I :
}. Therefore, in order to determine the associated primes of I, we need to compute the associated primes of (I :
To begin with, we consider two important particular classes, namely, initial and final lexsegment ideals. We recall that a lexsegment ideal of the form (L(x
). An ideal generated by a lexsegment set of the form L(u, x d n ) is called a final lexsegment ideal determined by u ∈ M d . We denote such an ideal by (L f (u)). We also recall the following notations. For a monomial w ∈ S, we denote min(w) = min{i : x i |w}, max(w) = max{i : x i |w}, and supp(w) = {i : x i |w}. In our study we are going to use very often the following
n ) ∈ I. Therefore (x 1 , . . . , x j ) ⊆ I : w. Let us assume that there exists a monomial z ∈ I : w with z / ∈ (x 1 , . . . , x j ), that is, supp(z) ⊆ {j + 1, . . . , n} and wz ∈ I. Let m ∈ L(u, v) such that wz = mm ′ for some monomial m ′ . Then we get vx
≥ lex x j m ′ which is contradict with supp(z) ⊆ {j + 1, . . . , n}. We thus have shown that I : w = (x 1 , . . . , x j ), which implies that (x 1 , . . . , x j ) ∈ Ass(S/I). Let P ∈ Ass(S/I), P = (x 1 , . . . , x n ). By [6, Proposition 4.2.9] we have P = (x 1 , . . . , x j ), for some 1 ≤ j < n. We want to show that j ∈ supp(v). Let us assume j / ∈ supp(v). Since
it follows that j > q. Let w be a monomial such that w / ∈ I and P = I : w. We have x j w ∈ I, hence there exists u ′ ≥ lex v such that x j w = u ′ m, for some monomial m. We have x j ∤ m since, otherwise, w ∈ I. For any i < j, we have x i ∤ m since, otherwise,
If there exists l such that x l |m and u ′ x l /x j ≥ lex v, then as above, w ∈ I, a contradiction. Therefore we must have
Using (2.2), and (2.3) and j / ∈ supp(v) and by comparing the exponents in the monomials u ′ and v, we get u
∈ I : w, we must have
In the next step, we consider final lexsegment ideals. First of all we observe that one should consider only final lexsegment ideals defined by a monomial u ∈ M d such that x 1 |u. Indeed, otherwise, we are reduced to considering the problem in a polynomial ring with a smaller number of variables, namely
Proof. By [4, Proposition 3.2], we have depth(S/I) = 0, hence (x 1 , . . . , x n ) ∈ Ass(S/I). On the other hand, for any P ∈ Ass(S/I), we have (x 2 , . . . ,
is obviously a minimal prime of I, we have (x 2 , . . . , x n ) ∈ Ass(S/I). Therefore, the only associated primes of I are m = (x 1 , . . . , x n ) and (x 2 , . . . , x n ).
In order to compute the associated primes of an arbitrary lexsegment ideal, that is, one which is neither initial nor final, we are going to distinguish several cases, depending on the depth of S/I. We recall that, by [ 
is an m-primary monomial ideal, where m = (x 1 , . . . , x n ) and Ass S/(I : x
d , which will imply again that (I, x . Let us assume that there exists a monomial w of degree d with w < lex v such that w / ∈ (I : x 1 ), then
∈ (I : x 1 ), we have 1 )) ∪ {(x 2 , . . . , x n )} Let us first take a 1 = 1. It is clear that P ∈ Ass S (S/(I, x 1 )) if and only if P = (x 1 , P ′ ), where
. By using Proposition 2.2, we get Ass(S/(I, x 1 )) = {(x 1 , . . . , x j ) : j ∈ supp(v) ∪ {n}} and our proof is completed in this case.
Let a 1 > 1. Then we consider the exact sequence of S-modules: 1 )) = {m}. From the exact sequence (2.6) and using the above computation for Ass(S/(I, x 1 )), we obtain m ∈ Ass(S/(I, x a 1 1 )) and Ass(S/(I, x a 1 1 )) ⊆ {(x 1 , . . . , x j ) : j ∈ supp(v) ∪ {n}}. The equality follows by Lemma 2.1. Finally, by using (2.5), we complete the proof.
We now pass to the case depth(S/I) > 0 which is equivalent to the inequality x n u < lex x 1 v. In particular, this implies that deg
n . Therefore we have l ≥ q. For the next result we introduce the following notation. For 2 ≤ j, t ≤ n such that 2 ≤ j ≤ t − 2, we denote P j,t = (x 2 , . . . , x j , x t , . . . , x n ). Proposition 2.5. Let I = (L(u, v)) be a lexsegment ideal with x 1 ∤ v and such that depth(S/I) > 0.
(i) Let depth(S/I) = 1. Then, (a) for a l < d − 1, we have
Proof. Since depth(S/I) > 0, we have m / ∈ Ass(S/I) and a 1 = 1, then (I : x 1 ) ⊆ (x 2 , . . . , x n ). Hence, m / ∈ Ass(S/(I : x 1 )) from the exact sequence (2.4), where a 1 = 1, we get Ass(S/I) ⊆ (Ass(S/(I, x 1 )) \ {m}) ∪ Ass(S/(I : x 1 )).
As in the the proof of Proposition 2.4, we have
Let us first look at Ass(S/(I : x 1 )). Note that (I :
, and L is generated in degree d by the initial lexsegment
Let us first consider a l < d−1. Then, by Proposition 2.3, the associated primes of J are P 1 = (x l , . . . , x n ) and P 2 = (x l+1 , . . . , x n ). Therefore, J = Q 1 ∩ Q 2 , where Q 1 and Q 2 are primary monomial ideals with
is a primary decomposition of I : x 1 . Therefore, by the primary decomposition of I : x 1 and m / ∈ Ass(S/(I : x 1 )), we get Ass(S/(I :
, then we get that J = (x l , . . . , x n ) d−1 , hence it is a primary ideal. As before, we get Ass(S/(I :
In order to prove (i), taking into account Lemma 2.1, we only need to show that P j,l , j ≤ l − 2, P j,l+1 , j ≤ l − 1, and (x 2 , . . . , x n ) are associated primes of I. In each case, we are going to show that one may find a monomial f / ∈ I such that I : f = P j,l or P j,l+1 or (x 2 , . . . , x n ). We begin by proving that (x 2 , . . . , x n ) is an associated prime of I. 
and get again the desired claim since
Therefore, (x 2 , . . . , x n ) ∈ Ass(S/I) for depth(S/I) = 1. Now let j ∈ supp(u) with j ≤ l − 2, we look for a monomial f / ∈ I such that I : f = P j,l , j ≤ l − 2. Let us take
, we obtain x s f ∈ I. We thus showed that P j,l ⊆ I : f for j ≤ l − 2. Let us assume that P j,l I : f , hence there exists a monomial w ∈ I : f such that supp(w)
an n , and, with same arguments as above, wf / ∈ I. Therefore, I : f = P j,l . Now, let a l < d − 1. We show that P j,l+1 ∈ Ass(S/I) for
.
With similar arguments as before, we show that I : f = P j,l+1 in each case. I, x 1 ) ). As (x 1 , . . . , x j ) ∈ Ass(S/I) for all j ∈ supp(v), j = n, we only need to compute Ass(S/(I : x 1 )). Note that, in this case,
2 , we get, by using Proposition 2.3, (I :
. . , x n ) and √ Q 2 = (x l+1 , . . . , x n ), which implies that Ass(S/(I :
2 x j , with 3 ≤ j ≤ n − 2, we get, by using Proposition 2.3,
where Q 1 , Q 2 are primary and
. . , x n ). This yields Ass(S/(I : x 1 )) = {P j,l , P j,l+1 : j ∈ supp(v)}.
Lexsegment ideals are pretty clean
Pretty clean modules were defined in [7] . Since we are interested in finitely generated multigraded modules over S, we recall the definition of pretty cleanness in this frame.
Definition 3.1 ([7]
). Let M be a finitely generated multigraded S-module. A multigraded prime filtration of M,
where M i /M i−1 ∼ = S/P i , with P i a monomial prime ideal, is called pretty clean if for all i < j, P i ⊆ P j implies i = j. In other words, a proper inclusion P i ⊆ P j is possible only if i > j. A multigraded S-module is called pretty clean if it admits a pretty clean filtration.
We denote by Supp(F ) the set {P 1 , . . . , P r } of the prime ideals which define the factor modules of F . By [7, Corollary 3.4 .], Supp(F ) = Ass(S/I).
The following lemma gives a nice class of pretty clean multigraded S-modules.
Lemma 3.2. Let M be a finitely generated multigraded S-module such that Ass(M) is totally ordered by inclusion. Then M is pretty clean.
The proof works as the proof of [7, Proposition 5 .1], therefore we omit it. Our aim in this section is to show that if I ⊆ S is a lexsegment ideal, then S/I is pretty clean. The claim is obvious for initial and final lexsegment ideals. Indeed, by applying Proposition 2.2, Proposition 2.3, and the above lemma, we get Corollary 3.3. Let I ⊆ S be an initial or final lexsegment ideal. Then S/I is pretty clean.
For arbitrary lexsegment ideals we need another preparatory result.
′′ → 0 be an exact sequence of finitely generated multigraded S-modules and homogeneous morfisms. We assume that M ′ has a multigraded pretty clean filtration F ′ and M ′′ has a multigraded pretty clean filtration F ′′ such that for any P ∈ Supp(F ′ ) and Q ∈ Supp(F ′′ ), we have P ⊆ Q, that is either P ⊇ Q or P and Q are incomparable by inclusion. Then M is pretty clean.
′′ the filtration of M ′′ . Then, by hypothesis, the following filtration,
The first consequence that one derives from the above lemma is that we can reduce, as in the previous section, to the case when v, the right end of the lexsegment set which generates the lexsegment ideal, is not divisible by x 1 . Indeed, if deg x 1 (v) = b 1 > 0, looking at the exact sequence (2.1), we see that, in order to prove that S/I is pretty clean, it is enough to show that S/(I : x 1 )) obviously does not contain (x 1 ). Theorem 3.5. Let I ⊆ S be a lexsegment ideal. Then S/I is a pretty clean module.
The proof of the theorem will follow from Corollary 3.3 and the next two lemmas. As in the previous section, we consider separately the cases when depth(S/I) = 0 and depth(S/I) > 0. Theorem 3.5 and Corollary 4.3. in [7] yield the following Corollary 3.8. Let I ⊆ S be a lexsegment ideal. Then S/I is sequentially CohenMacaulay.
Moreover, from Theorem 3.5 and [7, Theorem 6.5.] we get the following Corollary 3.9. Let I ⊆ S be a lexsegment ideal. Then S/I satisfies the Stanley conjecture, that is we have the inequality sdepth(S/I) ≥ depth(S/I), where sdepth(S/I) is the Stanley depth of S/I.
